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BRAIDED AUTOEQUIVALENCES AND THE EQUIVARIANT BRAUER
GROUP OF A QUASITRIANGULAR HOPF ALGEBRA
JEROEN DELLO AND YINHUO ZHANG
Abstract. Let (H,R) be a finite dimensional quasitriangular Hopf algebra over a field
k, and HM the representation category of H . In this paper, we study the braided
autoequivalences of the Drinfeld center HHYD trivializable on HM. We establish a group
isomorphism between the group of those autoequivalences and the group of quantum
commutative bi-Galois objects of the transmutation braided Hopf algebra RH . We then
apply this isomorphism to obtain a categorical interpretation of the exact sequence of
the equivariant Brauer group BM(k,H,R) in [18]. To this aim, we have to develop the
braided bi-Galois theory initiated by Schauenburg in [14, 15], which generalizes the Hopf
bi-Galois theory over usual Hopf algebras to the one over braided Hopf algebras in a
braided monoidal category.
Introduction
Let (H,R) be a finite dimensional quasitriangular Hopf algebra over a field k, and C the
representation category of H. In [18], the second author studied the equivariant Brauer
group BM(k,H,R) of H-Azumaya algebras and established an exact sequence:
(0.1) 1 −→ Br(k) −→ BM(k,H,R)
p˜i
−→ Galqc(RH)
where Galqc(RH) is the group of quantum commutative RH-bi-Galois objects. In [19], it
was showed that the group Galqc(RH) is embedded into the group Aut
br(Z(C) : C) of the
braided autoequivalences of the Drinfeld center Z(C) trivializable on C. The embedding
is based on the crucial observation [19, Theorem 2.5] that the Drinfeld center Z(C), iso-
morphic to the Yetter-Drinfeld H-module category HHYD, is isomorphic to the comodule
category RHC, where RH is the transmutation braided Hopf algebra in C. That is, every
bi-Galois object over RH defines a C-linear autoequivalence of R
HC which preserves the
braiding of RHC, and hence giving a braided autoequivalence of the Drinfeld center Z(C)
trivializable on C.
Now a natural question arises: is every such a braided autoequivalence given by a quantum
commutative bi-Galois object over RH. The answer is affirmative. To prove this, we have
to develop the braided bi-Galois theory initiated by Schauenburg in [14, 15].
Assume C is a braided monoidal category, L and B are two (flat) Hopf algebras in C
and A is a (faithfully flat) L-B-bi-Galois object in C. Schauenburg showed in [15] that
1
2 JEROEN DELLO AND YINHUO ZHANG
the cotensor functor AB− :
BC → LC defines a tensor equivalence of categories. To
show the converse, we observe that the categories LC and BC are naturally right C-module
categories and the cotensor functor AB− is a right C-module functor (or shortly said,
right C-linear). Moreover, the monoidal functor AB− satisfies some diagram which more
or less reflects the compatibility between the monoidal structure of the functor and the
braiding when one operand in BC has a trivial B-comodule structure, see Lemma 2.5.
We show that these two conditions are also sufficient for a tensor equivalence of the form
BC → LC to induce a (faithfully flat) bi-Galois object. To be more precise, if α : BC → LC
is a tensor equivalence functor which is right C-linear (or trivializable on C) and satisfies
the compatibility diagram (A) in Lemma 2.5, then α(B) is a faithfully flat L-B-bi-Galois
object in C. As a consequence, we obtain a group isomorphism between the group of
faithfully flat B-bi-Galois BiGal(B) and the group of tensor autoequivalences of BC which
are right C-linear and satisfy the aforementioned diagram. This isomorphism restricts to an
isomorphism between the subgroup Autbc(BC) of braided (tensor) autoequivalences of BC
and the subgroup Galqc(RH) of quantum commutative B-bi-Galois objects thanks to [19,
Corollary 3.12]. Therefore, we obtain a categorical interpretation of the group Galqc(RH)
in the exact sequence (0.1).
Subsequently, we would like to characterise the the Brauer group BM(k,H,R) and the
group morphism π˜ : BM(k,H,R) → Galqc(RH) in the sequence (0.1) in terms of braided
autoequivalences of HHYD trivializable on
R
HM. Inspired by the work of Davydov and
Nikshych in [3] where the authors study the Brauer-Picard group BrPic(C) of a finite
tensor category C, which consists of equivalence classes of invertible C-bimodule categories
(see [6]), we consider the Brauer-Picard group of the braided category RHM. In [3], the
authors showed that there exists a group isomorphism from BrPic(C) to Autbr(Z(C)), the
group of braided autoequivalences of Z(C). Note that the isomorphism holds when C is
a linear fusion category over an algebraically closed field. In general, we are not sure
whether it’s true. In case k is not algebraically closed, the two groups are not nicessary
isomorphic. If C is also braided, one can consider the subgroup Pic(C) of BrPic(C) consisting
of isomorphism classes of one-sided invertible C-module categories. The isomorphism from
BrPic(C) to Autbr(Z(C)) restricts to an isomorphism from Pic(C) to Autbr(Z(C), C).
Now suppose A is an Azumaya algebra in C. The category CA has a natural structure of a
left C-module category. As observed in [3], the Picard group of C is isomorphic to the group
of Morita equivalence classes of exact Azumaya algebras. In case C = HM and (H,R) is a
finite dimensional quasitriangular Hopf algebra, we show that any Azumaya algebra in HM
is exact. Thus, the Picard group of HM is isomorphic to the Brauer group BM(k,H,R).
In other words, we obtain a categorical characterization for the group BM(k,H,R). As a
result of the foregoing identification, we are able to give a categorical characterization for
the morphism π˜ : BM(k,H,R)→ Galqc(RH) as well. This will be the second main result
of this paper, that is, we have a commutative diagram of group morphisms (see Theorem
TENSOR AUTOEQUIVALENCES AND EQUIVARIANT BRAUER GROUPS 3
3.13):
1 ✲ Br(k) ✲ BM(k,H,R)
π˜
✲ Galqc(RH)
1 ✲ Pic(kM)
∼
❄
✲ Pic(HM)
∼
❄ τ
✲ Autbr(HHYD,
R
HM)
∼
❄
As mentioned before, the idea behind relating the morphism π˜ to a morphism Pic(HM)→
Autbr(A)(
H
HYD,
R
HM) is partly inspired by [3], but our approach to the construction of the
morphism comes from [18, Lemma 4.5], and they may not be the same. If, however, the
two constructions would coincide, we would obtain that the morphism BM(k,H,R) →
Galqc(RH) is surjective (under suitable conditions). At the moment, this is still an open
problem. Note that the morphism BM(k,H,R)→ Galqc(RH) has a kernel while Davydov
and Nikshych obtain an isomorphism Pic(C) → Autbr(Z(C), C) in [3]. However, they
work over an algebraically closed field (of characteristic 0), in which case the classical
Brauer group Br(k) is trivial and hence the morphism BM(k,H,R)→ Galqc(RH) is already
injective.
1. Preliminaries
1.1. Braided bi-Galois objects. We will assume the reader is familiar with the theory
of braided monoidal categories and with the notions of algebras, bialgebras, Hopf algebras,
(co)modules and (co)module algebras in braided monoidal categories. For the details, the
reader is referred to [8]. Moreover, by Mac Lane’s coherence theorem, we may and will
assume the monoidal categories we work with are strict, i.e., the associativity and unity
constraints are the identity.
In the following, (C, φ, I) denotes a strict braided monoidal category with (co-)equalizers.
We will make use of graphical calculus using the following notation
φM,N =
M N
N M
and φ−1N,M =
N M
M N
for the braiding and its inverse. Let A be an algebra and C a coalgebra in C, we denote
the multiplication and unit of A, and the comultiplication and counit of C by
∇A =
A A
✡✠
A
, ηA = r
A
and ∆C =
C☛✟
C C
, ǫC =
C
r
For a left A-module M ∈ AC respectively a right A-module M ∈ CA, we denote
µ− =
A M
P
M
resp. µ+ =
M A
✏
M
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Similar, for a left C-comodule N ∈ CC and a right C-comodule N ∈ CC we use the following
notation
χ− =
N
✏
C N
resp. χ+ =
N
P
N C
Finally, if B is a Hopf algebra in C, we denote the antipode S (and its inverse, if it exists)
by
S =
B
❤+
B
and S−1 =
B
❤−
B
Let B be a Hopf algebra in C. The cotensor product MBN of a right B-comodule M
and a left B-comodule N in C is defined as the equalizer of χ+M ⊗N and M ⊗ χ
−
N
MBN −→M ⊗N
−→
−→M ⊗B ⊗N
Let A be a B-comodule algebra in C (say with comodule structure denoted by χ). The
coinvariant subobject AcoB of A is given by the equalizer of χ and A⊗ ηB
AcoB
ι
−→ A −→−→ A⊗B
An object X in C is called flat if tensoring with X preserves equalizers. We say X is
faithfully flat if tensoring with X reflects isomorphisms.
Definition 1.1. Let A be a right B-comodule algebra in C. A is said to be a right B-Galois
object in C if ηA : I → A is the equalizer of χ and A⊗ηB (i.e., A
coB = I), and the canonical
morphism can+ = (∇A ⊗ B)(A ⊗ χ
+) : A ⊗ A → A⊗ B is an isomorphism. Similarly we
can define left B-Galois objects.
Let A be a right B-Galois object, let’s denote
γ = (B
ηA⊗B−→ A⊗B
(can+)−1
−→ A⊗A)
The morphism γ, being a partial inverse to can+, satisfies several identities, which we will
list in the lemma below. Proofs can be found in [14, Remark 3.2 and Lemma 3.4].
TENSOR AUTOEQUIVALENCES AND EQUIVARIANT BRAUER GROUPS 5
Lemma 1.2. Let A be a right B-Galois object in C. Then
B
γ
P
✍ ✌
A A
=
B
r
A B
,
A
P
γ
✡✠
A A
=
A
r
A A
B
γ
P
A A B
=
B✎ ☞
γ
A A B
,
B
γ
P
B A A
=
B
✎ ☞
❤+ γ
B A A
B B
✍ ✌
γ
A A
=
B B
γ γ
✡✠
✡✠
A A
,
r
γ
A A
=
r r
A A
1.2. Module categories. Following [12] we recall the definition of module categories.
Definition 1.3. Let C be a monoidal category. A left module category over C is a category
M equipped with
• a bifunctor ∗ : C ×M→M, (X,M) 7→ X ∗M ,
• natural associativity isomorphisms mX,Y,M : (X ⊗ Y ) ∗M → X ∗ (Y ∗M),
• unit isomorphisms lM : I ∗M →M such that
((X ⊗ Y )⊗ Z) ∗M
aX,Y,Z ∗M
✲ (X ⊗ (Y ⊗ Z)) ∗M
X ∗ ((Y ⊗ Z) ∗M)
mX,Y⊗Z,M
❄
(X ⊗ Y ) ∗ (Z ∗M)
mX⊗Y,Z,M
❄ mX,Y,Z∗M
✲ X ∗ (Y ∗ (Z ∗M))
X ∗mY,Z,M
❄
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(X ⊗ I) ∗M
mX,I,M
✲ X ∗ (I ∗M)
X ∗M
X ∗ lM
✛
rX ∗M
✲
are commutative diagrams for X,Y,Z ∈ C and M ∈ M.
Equivalently, M is left module category over C if there is given a monoidal functor C →
End(M), where End(M) is the monoidal category of endofunctors of M (product is given
by composition of functors).
Right C-module categories can be defined similarly. Let D be another monoidal category.
M is said to be a (C,D)-bimodule category ifM is simultaneously a left C-module category
and right D-module category, together with natural isomorphisms γX,M,Y : (X ∗M) ∗Y →
X ∗ (M ∗ Y ) satisfying certain compatibility axioms, cf. [7, Proposition 2.12].
A C-module functor between left C-module categories M and N is a pair (F, θ), where
F :M→N is a functor and θ : F (− ∗−)→ −∗ F (−) is a natural isomorphism such that
the following diagrams commute
F ((X ⊗ Y ) ∗M)
F (mX,Y,M )
✲ F (X ∗ (Y ∗M))
X ∗ F (Y ∗M)
θX,Y ∗M
❄
(X ⊗ Y ) ∗ F (M)
θX⊗Y,M
❄ mX,Y,F (M)
✲ X ∗ (Y ∗ F (M))
X ∗ θY,M
❄
F (I ∗M)
F (lM )
✲ X ∗ F (M)
I ∗ F (M)
lF (M)
✲
θI,M
✲
for X,Y ∈ C and M ∈ M.
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1.3. The Brauer group. Let H be a k-Hopf algebra. Denote by HHYD the category of
left-left Yetter-Drinfel’d modules. It is braided via
φ(m⊗ n) = m(−1) · n⊗m(0)
φ−1(n⊗m) = m(0) ⊗ S
−1(m(−1)) · n
for M,N ∈ HHYD, m ∈M and n ∈ N .
A k-Hopf algebraH is said to be quasitriangular if there exists an element R =
∑
R1⊗R2 ∈
H ⊗H, called the R-matrix , satisfying the following conditions
∑
ε(R1)R2 =
∑
R1ε(R2) = 1,(QT1)
∑
∆(R1)⊗R2 =
∑
R1 ⊗ r1 ⊗R2r2,(QT2)
∑
R1 ⊗∆(R2) =
∑
R1r1 ⊗ r2 ⊗R2,(QT3)
∑
R1h1 ⊗R
2h2 =
∑
h2R
1 ⊗ h1R
2(QT4)
for all h ∈ H, where r = R. From now on, we will usually omit the sum sign and write
R = R1 ⊗R2.
Consider the category of H-modules HM. It is monoidal via the diagonal action (as in 2.).
Furthermore, HM is braided via:
ψ(m⊗ n) = R2 · n⊗R1 ·m
ψ−1(n⊗m) = S(R1) ·m⊗R2 · n
for M,N ∈ HM, m ∈M and n ∈ N .
For any M ∈ HM, there are 2 ways to define a left-left Yetter-Drinfeld module structure
on M , by using the R-matrix or its inverse:
λ1(m) = R
2 ⊗R1 ·m
λ2(m) = SR
1 ⊗R2 ·m
(1.1)
In this way we can consider 2 monoidal subcategories of HHYD, say
R
HM resp. M
R−1
H . As
braided monoidal categories we get
(RHM, ψ) →֒ (
H
HYD, φ)
( MR
−1
H , ψ) →֒ (
H
HYD, φ
−1)
Now let us recall the definition of the Brauer group of a strict closed monoidal category
C. An Algebra in C is called an Azuamaya algebra if the following two functors are tensor
equivalence functors:
C ✲ A⊗AC, X 7→ A⊗X
C ✲ CA⊗A, X 7→ X ⊗A
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where A is the opposite algebra of A in C. For more detail, the reader is referred to [17].
1.4. Transmutation theory. It is well-known that H can be deformed into a braided
Hopf algebra RH via Majid’s transmutation process [11]. In particular, RH equals H as
an algebra. It becomes an H-module algebra with action given by
h⊲ x = h1xS(h2)
for h, x ∈ H. One can turn RH into a braided Hopf algebra in HM as follows: the counit
is the same as εH , the comultiplication and antipode are given by
∆(x) = x1S(R
2)⊗R1 ⊲ x2
= x1S(r
2)S(R2)⊗R1x2S(r
1)
= x1r
2S(R2)⊗R1x2r
1
= r2x2S(R
2)⊗R1r1x1
= R2 ⊲ x2 ⊗R
1x1
and
S(x) = R2S(R1 ⊲ x)
for x ∈ H.
As RH = H as algebra and since
(h1 ⊲ x) · (h2 ·m) = h · (x ·m)
for h, x ∈ H andm ∈M , whereM ∈ HM, everyH-module is naturally an RH-module. Let
O be the class of RH-modules obtained in this canonical way. Then (∆,O) is an opposite
comultiplication in the sense of [10]. Furthermore, (RH,∆, R = 1⊗ 1) is a quasitriangular
in the category HM (see [11, Definition 1.3] or [9, Section 4]). As observed in [19], RH
is flat in HM. Finally, the braided Hopf algebra RH is cocommutative cocentral, in the
sense of [15], the half-braiding is defined by
σ
RH,M : RH ⊗M →M ⊗ RH, σRH,M(x⊗m) = r
2R1 ·m⊗ r1xR2
for m ∈M , M ∈ HM and x ∈ H. Following [15], we say a bicomodule M in R
H(HM)R
H
cocommutative if
χ+ = σ
RH,M ◦ χ
− = (M
χ−
−→ RH ⊗M
σ
RH,M−→ M ⊗ RH)
2. Bi-Galois objects versus tensor equivalences
In this section, we will investigate the relation between tensor equivalences and braided
bi-Galois objects. We are inspired by the following result due to Schauenburg.
Proposition 2.1 ([13, Corollary 5.7]). Let k be a commutative ring and let B and L be
k-flat Hopf algebras. The following are equivalent:
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1. BM and LM are equivalent as monoidal k-linear categories (B and L are then said
to be monoidally co-Morita equivalent),
2. there is faithfully flat L-B-bi-Galois extension of k.
Let (C, φ) be a braided (strict) monoidal category with equalizers. Suppose B and L are
flat Hopf algebras in C. The ‘if’ statement of the aforementioned proposition has been
generalized to the braided setting by Schauenburg in [14, 15], namely, if A is a faithfully
flat L-B-bi-Galois object, then the cotensor functor αA = AB− :
BC → LC is a tensor
equivalence. In particular, for two B-comodules M and N , there’s an isomorphism
ξ : (ABM)⊗ (ABN)→ AB(M ⊗N)
which is induced by ξ0 = (∇A⊗M ⊗N) ◦ (A⊗φA,M ⊗N) ◦ (ι⊗ ι). Graphically, ξ satisfies
αA(M) αA(N)
ξ
ι
A M⊗N
=
αA(M) αA(N)
ι ι
✡✠
A M N
The category BC is naturally a right C-module category. Indeed, if M ∈ BC and X ∈ C,
we can defineM ∗X =M ⊗X, which is the tensor product in C with left B-coaction given
by χ−M ⊗X.
Any object X ∈ C can be seen as an object in BC if we equip X with the trivial left
B-comodule structure ηB ⊗X. We will denote this comodule by X
t, although sometimes
we will just write X if the situation will make clear that X ∈ C is equipped with the trivial
comodule structure.
Definition 2.2 ([3]). Let C and D be monoidal categories and suppose E is a monoidal
subcategory of both C and D. A monoidal quivalence α : C → D is said to be trivializable
on E if the restriction α|E is isomorphic to idE as monoidal functors.
We will denote by Aut(C) respectively Aut(C, E) the group of isomorphism classes of
monoidal autoequivalences of C, respectively monoidal autoequivalences of C trivializable
on E . If C and E are braided, we denote by Autbr(C, E) the group of isomorphism classes
of braided monoidal autoequivalences of C trivializable on D.
Lemma 2.3. Let B and L be flat Hopf algebras in C and suppose α : BC → LC is a (strong)
monoidal functor. Then α is trivializable on C if and only if α is a right C-module functor.
Proof. Suppose α is a right C-module functor. The unit object I ∈ C can also be seen as
an object in BC (with trivial B-comodule structure). Then
α(X) ∼= α(I ⊗Xt)
θI,X
∼= α(I) ⊗X ∼= I ⊗X ∼= X
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for any X ∈ C. Conversely, suppose α is trivializable on C, then
α(M ⊗X)
ϕ−1
M,X
∼= α(M) ⊗ α(X) ∼= α(M) ⊗X
for M ∈ BC and X ∈ C. 
Lemma 2.4. Let B and L be flat Hopf algebras in C. Suppose A is a faithfully flat L-B-
bi-Galois object. The tensor equivalence functor AB− :
BC → LC is trivializable on C, or
equivalently, α is a right C-module functor.
Proof. For any M ∈ BC we have
1 ✲ A⊗ (ABM) ✲ A⊗ (A⊗M)
✲
✲ A⊗ (A⊗B ⊗M)
1 ✲ (A⊗A)BM
∼
❄
✲ (A⊗A)⊗M
=
❄
✲
✲ (A⊗A)⊗B ⊗M
=
❄
1 ✲ (A⊗B)BM
∼
❄
✲ (A⊗B)⊗M
can+ ⊗M
❄
✲
✲ (A⊗B)⊗B ⊗M
=
❄
1 ✲ A⊗ (BBM)
∼
❄
✲ A⊗ (B ⊗M)
=
❄
✲
✲ A⊗ (B ⊗B ⊗M)
=
❄
A⊗M
∼
❄
The first and fourth sequence are exact because A is flat. The associativity constraints
are identities, as C is assumed to be strict. Hence A ⊗M ∼= A ⊗ (ABM), where the
isomorphism A⊗M → A⊗ (ABM) is induced by the morphism
A M
✏
γ
✡✠
A A M
(2.1)
Now let X ∈ C and consider Xt. The morphism ηA⊗X : X → A⊗X induces a morphism,
say f : X → ABX. Moreover if X has trivial B-comodule structure (2.1) becomes
A Xt
✏
γ
✡✠
A A Xt
=
A Xt
r
γ
✡✠
A A Xt
(Lemma 1.2)
=
A Xt
r r
✡✠
A A Xt
=
A Xt
r
A A Xt
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Hence the isomorphism A⊗X ∼= A⊗ (ABX) coincides with A⊗ f . By faithfully flatness
of A, f must be an isomorphism in C. Thus X ∼= ABX (as C-objects). 
Consider αA = AB− as in the previous lemma. Let U :
LC → C be the forgetful functor
and define ωA = U ◦ αA :
LC → C. Thus if M ∈ BC, then αA(M) = ωA(M) as C-objects,
so if we want to emphasize the fact that we treat αA(M) as a C-object, we can (but not
always will) use ωA(M).
The tensor product of two B-comodules in C is again a B-comodule through the diagonal
coaction. In particular, if Xt ∈ C and M ∈ BC arbitrary, then Xt ⊗M ∈ BC, then
χ−
Xt⊗M
=
Xt M
✏
B Xt M
By the the naturality
Xt M
✏
B Xt M
=
Xt M
✏
B Xt M
(2.2)
which is saying that the braiding φXt,M : X
t ⊗M → M ⊗ Xt is a morphism in BC. We
can now make the following observation.
Lemma 2.5. With notation as above, we have
ωA(X
t)⊗ ωA(M)
ϕX,M
✲ ωA(X
t ⊗M)
ωA(M)⊗ ωA(X
t)
φωA(Xt),ωA(M)
❄ ϕM,X
✲ ωA(M ⊗X
t)
ωA(φXt,M )
❄
(A)
for M ∈ BC and X ∈ C.
Proof. Let f : Xt → ABX
t be the isomorphism in C induced by ηA ⊗ X as in Lemma
2.4. The morphism ωA(φM,Xt) ◦ϕX,M ◦ (f ⊗ (ABM)) : X
t ⊗ (ABM)→ AB(M ⊗X
t)
is induced by
(A⊗ φM,Xt) ◦ ξ0 ◦ (ηA ⊗X) =
X A M
r
✡✠
A M X
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while the morphism ϕM,X ◦ φωA(Xt),ωA(M) ◦ (f ⊗ (ABM)) is induced by
ξ0 ◦ φA⊗Xt,A⊗M ◦ (ηA ⊗X) =
X A M
r
✡✠
A M X
As both diagrams are equal by the the naturality and since f⊗(ABM) is an isomorphism,
we obtain ωA(φXt,M ) ◦ ϕX,M = ϕM,X ◦ φωA(Xt),ωA(M). 
Thus a faithfully flat braided L-B-bi-Galois object A induces a monoidal (right C-linear)
equivalence AB− :
BC → LC which is trivializable on C and satisfies (A). Our next goal
is to investigate whether the converse statement is valid. That is, suppose α : BC → LC
is a tensor equivalence trivializable on C and satisfying (A), does α come from a faithfully
flat bi-Galois object? By Lemma 2.3, α is a right C-module functor with
θM,X =
(
α(M ⊗X)
ϕ−1
M,X
∼= α(M)⊗ α(X) ∼= α(M) ⊗X
)
(2.3)
for M ∈ BC and X ∈ C.
Our approach is inspired by [16], in which the author assigns to a fibre functor ω : HM→
kM, the right H-Galois object ω(H) (here H is a k-Hopf algebra).
Let us denote ω = U ◦ α : BC → C, where U : LC → C is the forgetful functor. We can use
ω if we want to emphasize that we’re working on the level of C-objects. For example, we
can say that α(B) is an algebra (in LC), or equivalently, ω(B) is an L-comodule algebra in C.
Suppose M is an algebra in BC. It is known that a monoidal functor sends algebras
to algebras. Hence, α(M) ∈ LC is an algebra, or equivalently, ω(M) is a left L-comodule
algebra in C. As an algebra in C, ω(M) has multiplication map
∇ω(M) =
(
ω(M)⊗ ω(M)
ϕM,M
−→ ω(M ⊗M)
ω(∇M )
−→ ω(M)
)
(2.4)
and unit
I ∼= ω(I)
ω(ηM )
−→ ω(M)
Suppose F is another (flat) Hopf algebra in C. Let M be a B-F -bicomodule. By the
bicomodule property, the comodule structure χ+M can be seen as a left B-colinear morphism
M →M ⊗ F t. We can now define a right F -comodule structure on ω(M) as follows
ω(M)
ω(χ+
M
)
−→ ω(M ⊗ F t)
θM,Ft
−→ ω(M)⊗ F
TENSOR AUTOEQUIVALENCES AND EQUIVARIANT BRAUER GROUPS 13
We will now prove that ifM is a B-F -bicomodule algebra, then ω(M) is a right F -comodule
algebra, i.e.
ω(M) ω(M)
✍ ✌
P
ω(M) F
=
ω(M) ω(M)
P P
✡✠✡✠
ω(M) F
that is, by definition of ∇ω(M) and χ
+
ω(M), we want the outer diagram of the following
diagram to commute
ω(M)⊗ ω(M)
ϕM⊗M
✲ ω(M ⊗M)
ω(∇M )
✲ ω(M)
(I) (II)
ω(M ⊗ F t)⊗ ω(M ⊗ F t)
ω(χ+
M
)⊗ω(χ+
M
)
❄
ϕM⊗Ft,M⊗Ft
✲ ω(M ⊗ F t ⊗M ⊗ F t)
ω(χ+
M
⊗χ+
M
)
❄
ω(M)⊗ F ⊗ ω(M)⊗ F
θM,X⊗θM,X
❄
(IV ) ω(M ⊗M ⊗ F t ⊗ F t)
ω(M⊗φFt,M⊗F )
❄
ω(∇M⊗∇F )
✲ ω(M ⊗ F t)
ω(χ+
M
)
❄
(III)
ω(M)⊗ ω(M)⊗ F ⊗ F
ω(M)⊗φF,ω(M)⊗F
❄
ϕM,M⊗F⊗F
✲ ω(M ⊗M)⊗ F ⊗ F
θM⊗M,F⊗F
❄
ω(∇M )⊗∇F
✲ ω(M)⊗ F
θM,F
❄
(2.5)
Now (I) commutes by the the naturality of ϕ, (II) commutes since M is assumed to be a
right F -comodule algebra in C and (III) commutes by the the naturality of θ. So it suffices
to show the commutativity of diagram (IV). Taking the definition of θM,X as in (2.3) into
consideration, we can divide (IV) into smaller diagrams as follows
1
4
J
E
R
O
E
N
D
E
L
L
O
A
N
D
Y
IN
H
U
O
Z
H
A
N
G
ω(M ⊗ F t)
⊗ ω(M ⊗ F t)
ϕ
✲ ω(M ⊗ F t ⊗M ⊗ F t)
ω(F ⊗ φ⊗ F )
✲ ω(M ⊗M ⊗ F t ⊗ F t)
(i) (ii)
ω(M) ⊗ ω(F t ⊗M)⊗ ω(F t)
id⊗ ω(φ) ⊗ id
✲
ϕ ◦ i
d⊗ ϕ
✲
ω(M) ⊗ ω(M ⊗ F t) ⊗ ω(F t)
ϕ ◦
id
⊗
ϕ
✲
(iv) (iii)
ω(M) ⊗ ω(F t)
⊗ ω(M)⊗ ω(F t)
ϕ−1 ⊗ ϕ−1
❄
id⊗ φ⊗ id
✲
id
⊗
ϕ⊗
id ✲
ω(M) ⊗ ω(M) ⊗ ω(F t) ⊗ ω(F t)
ϕ⊗ ϕ
✲
id⊗
ϕ⊗
id
✲
ω(M ⊗M)⊗ ω(F t ⊗ F t)
ϕ−1
❄
ω(M)⊗ F
⊗ ω(M) ⊗ F
∼
❄
id⊗ φ⊗ id
✲ ω(M) ⊗ ω(M) ⊗ F ⊗ F
∼
❄
ϕ⊗ id⊗ id
✲ ω(M ⊗M)⊗ F ⊗ F
∼
❄
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(i) and (iii) commute since ω is monoidal while (ii) commutes since the braiding φF t,M :
F t⊗M →M ⊗F t is a morphism in BC as observed in (2.2). Diagram (iv) commutes since
we assume that the functor α is satisfying diagram (A). Finally, the bottom two diagrams
commute by the the naturality. Thus, ω(M) is a right F -comodule algebra.
Proposition 2.6. Let α : BC → LC be a tensor equivalence trivializable on C and satisfying
(A) and denote by ω the composite U ◦ α : BC → C as before. Let M be a B-F -bicomodule
algebra, then ω(M) is an L-F -bicomodule algebra in C.
In particular, ω(B) is a flat L-B-bicomodule algebra in C.
Proof. ω(M) is already shown to be a left L-comodule algebra and a right F -comodule
algebra, it remains to prove that ω(M) is an L-F -bicomodule. By definition of χ+
α(M), we
need to prove that the following diagram is commutative.
ω(M)
ω(χ+M ) ✲ ω(M ⊗ F t)
θM,F t
✲ ω(M)⊗ F
(I) (II)
L⊗ ω(M)
χ−
ω(M)
❄ L⊗ ω(χ+M )✲ L⊗ ω(M ⊗ F t)
χ−
ω(M⊗F t)
❄ L⊗ θM,F t
✲ L⊗ ω(M)⊗ F
χ−
ω(M) ⊗ F
❄
As mentioned before, χ+M :M →M ⊗ F
t is left B-colinear, thus ω(χ+M ) ∈
LC. So diagram
(I) commutes. Furthermore, diagram (II) commutes as θM,F t is a morphism in
LC.
Since B is naturally a B-bicomodule algebra via its comultiplication, ω(B) becomes an
L-B-bicomodule algebra in C. Finally, as α is an equivalence, it’s immediate that ω(B) is
a flat object in C. 
Let M ∈ BC. The comodule structure χ−M can be seen as a B-colinear morphism M →
B ⊗M t. It is well-known that M ∼= BBM as B-comodules in C. Hence
1 ✲ M
χ−M✲ B ⊗M t
B ⊗ χ−M✲
∆B ⊗M
✲ B ⊗Bt ⊗M t
is exact in BC. As α is exact (α being an equivalence), the sequence
1 ✲ α(M)
α(χ−M )✲ α(B ⊗M t)
α(B ⊗ χ−M )✲
α(∆B ⊗M)
✲ α(B ⊗Bt ⊗M t)
is exact in LC. Since α(B) is an L-B-bicomodule and by definition of the cotensor product
α(B)BM , the sequence
1 ✲ α(B)BM ✲ α(B)⊗M
α(B)⊗ χ−M✲
χ+
α(B) ⊗M
✲ α(B)⊗B ⊗M
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is also exact in LC. These two sequences in LC can be linked by θ as follows
1 ✲ α(M)
α(χ−M )✲ α(B ⊗M t)
α(B ⊗ χ−M )✲
α(∆B ⊗M)
✲ α(B ⊗Bt ⊗M t)
1 ✲ α(B)BM
❄
✲ α(B)⊗M
θB,M
❄ α(B)⊗ χ−M✲
χ+
α(B) ⊗M
✲ α(B)⊗B ⊗M
θB,B⊗M
❄
Indeed θB,B⊗M ◦ α(B ⊗ χ
−
M ) = (α(B) ⊗ χ
−
M) ◦ θB,M by the the naturality of θ and
α(B ⊗M t)
α(∆B ⊗M)
✲ α(B ⊗Bt ⊗M t)
α(B)⊗M
θB,M
❄ α(∆B)⊗M
✲ α(B ⊗Bt)⊗M
θB⊗Bt,M
❄
α(B)⊗B ⊗M
θB,B ⊗M
❄
χ+
α(B) ⊗M ✲
commutes by the naturality of θ and by definition of χ+
α(B). Hence
α(M) ∼= α(B)BM
is an isomorphism in LC, say GM , for any B-comodule M in C. The isomorphism G :
α(−)→ α(B)− is easily seen to be natural (since θ is).
Remark 2.7. For the sake of convenience, we will no longer make a distinction between
α(M) and ω(M), as they are the same object in C. If we say, for example, that α(M) is
a right F -comodule algebra, it is understood that we mean that α(M) = ω(M) ∈ C is a
right F -comodule algebra in C.
Next we’ll show that, ifM is a B-F -bicomodule (algebra), then α(M) ∼= α(B)BM is a left
L-colinear and right F -colinear (algebra) isomorphism. To show that it is right F -colinear,
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the following diagram should commute.
α(M)
GM
✲ α(B)BM
(I)
α(M ⊗ F t)
α(χ+M )
❄
GM⊗F t
✲ α(B)B(M ⊗ F
t)
α(B)⊗ χ+M
❄
(II)
α(M)⊗ F
θM,F
❄ GM ⊗ F
✲ (α(B)BM)⊗ F
∼
❄
The top diagram commutes as the isomorphism G is natural. To show the commutativity
of the bottom diagram, observe that
1 ✲ α(M ⊗ F t) ✲ α(B ⊗M t ⊗ F t) ✲✲ α(B ⊗B ⊗M t ⊗ F t)
1 ✲ α(B)B(M ⊗ F
t)
GM⊗F t
❄
✲ α(B)⊗M ⊗ F t
θB,M⊗F
❄
✲
✲ α(B)⊗B ⊗M ⊗ F t
θB,B⊗M⊗F
❄
1 ✲ (α(B)BM)⊗ F
∼
❄
✲ α(B)⊗M ⊗ F
=
❄
✲
✲ α(B)⊗B ⊗M ⊗ F
=
❄
where the last sequence is exact since F is flat, while
1 ✲ α(M ⊗ F t) ✲ α(B ⊗M t ⊗ F t) ✲✲ α(B ⊗B ⊗M t ⊗ F t)
1 ✲ α(M)⊗ F
θM,F
❄
✲ α(B ⊗M t)⊗ F
θB⊗M t,F
❄
✲
✲ α(B ⊗Bt ⊗M t)⊗ F
θB⊗Bt⊗M t,F
❄
1 ✲ (α(B)BM)⊗ F
GM ⊗ F
❄
✲ α(B)⊗M ⊗ F
θB,M ⊗ F
❄
✲
✲ α(B)⊗B ⊗B ⊗M
θB,B⊗M ⊗ F
❄
where we’ve again used the flatness of F . As θB,M⊗F = (θB,M ⊗ F ) ◦ θB⊗M t,F and
θB,B⊗M⊗F = (θB,B⊗M ⊗ F ) ◦ θB⊗Bt⊗M t,F , we obtain the commutativity of (I). Thus
α(B) ∼= α(B)BM as L-F -bicomodules.
To show that GM is an algebra morphism, we have to show ∇α(B)BM ◦ (GM ⊗ GM ) =
GM ◦ ∇α(B), or
ι ◦ ∇α(B)BM ◦ (GM ⊗GM ) = ι ◦GM ◦ ∇α(B)
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by the monicity of ι : α(B)BM → α(B)⊗M . Observe
ι ◦GM ◦ ∇α(B)
= θB,M ◦ α(χ
−
M ) ◦ α(∇M ) ◦ ϕM,Mby (3.5)
= θB,M ◦ α(∇B ⊗∇M ) ◦ α(B ⊗ φM t,B ⊗M
t) ◦ α(χ−M ⊗ χ
−
M ) ◦ ϕM,M
= θB,M ◦ α(∇B ⊗∇M ) ◦ α(B ⊗ φM t,B ⊗M
t) ◦ ϕB⊗M,B⊗M ◦ (α(χ
−
M )⊗ α(χ
−
M ))
where the second equation follows from the left comodule algebra property and the last
equality holds because of the the naturality of ϕ. On the other hand, we have
ι ◦ ∇α(B)BM ◦ (GM ⊗GM )
= ∇α(B)⊗M ◦ (ι⊗ ι) ◦ (GM ⊗GM )
by def. G = (∇α(B) ⊗∇M) ◦ (α(B) ⊗ φM,α(B) ⊗M) ◦ (θB,M ⊗ θB,M ) ◦ (α(χ
−
M )⊗ α(χ
−
M ))
= (α(∇B)⊗∇M) ◦ (ϕM,M ⊗B ⊗B) ◦ (α(B) ⊗ φM,α(B) ⊗M)by (2.4)
◦ (θB,M ⊗ θB,M ) ◦ (α(χ
−
M )⊗ α(χ
−
M )).
So we’re done if we can show
θB,M ◦ α(∇B ⊗∇M ) ◦ α(B ⊗ φM t,B ⊗M
t) ◦ ϕB⊗M,B⊗M
= (α(∇B)⊗∇M ) ◦ (ϕM,M ⊗B ⊗B) ◦ (α(B)⊗ φM,α(B) ⊗M) ◦ (θB,M ⊗ θB,M),
which can be shown similar to proving that in (2.5) diagrams (III) and (IV) are commuta-
tive. We arrive at the following proposition.
Proposition 2.8. Let α : BC → LC be a tensor equivalence trivializable on C and satisfying
(A). Let M be a B-F -bicomodule algebra, then
α(M) ∼= α(B)BM
as L-F -bicomodule algebras in C.
Now let β : LC → BC be an ’inverse’ functor of the equivalence α. We could repeat the
same process with β. I.e. β(L) is a flat B-L-bicomodule algebra and
L ∼= α(β(L)) ∼= α(B)Bβ(L)
as L-comodule algebras in C. Similarly, we can show that
B ∼= β(α(B)) ∼= β(L)Lα(B)
as B-bicomodule algebras. The following proposition is due to Schauenburg.
Proposition 2.9 ([15, Proposition 3.4]). Let L,B be flat Hopf algebras in C, and A a flat
L-B-bicomodule algebra. The following are equivalent:
1. A is a faithfully flat L-B-bi-Galois object,
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2. there is a flat B-L-bicomodule algebra A−1 such that ABA
−1 ∼= L as L-bicomodule
algebras and A−1LA ∼= B as B-bicomodule algebras.
Therefore, we have proven the following theorem.
Theorem 2.10. Assume α : BC → LC is a tensor equivalence trivilizable on C satisfying
(A), or equivalently, a right C-module functor satisfying (A). Then α(B) is a faithfully flat
L-B-bi-Galois object.
The process of assigning an equivalence αA = AB− to an L-B-bi-Galois object A and the
process of obtaining a bi-Galois object α(B) from an equivalence α : BC → LC as described
above, are obviously mutually inverse. Moreover, this correspondence is compatible with
the multiplication of bi-Galois objects and the composition of functors. Indeed, let B,L, F
be flat Hopf algebras in C and suppose α : BC → LC and α′ : LC → FC are tensor
equivalences, trivializable on C and satisfying (A). Then
α′(α(B)) = α′(L)Lα(B)
as F -B-bicomodule algebras, by Proposition 2.8. Hence, we have a group isomorphism
between the group of faithfully flat B-bi-Galois objects and the group of isomorphism
classes of autoequivalences of BC trivializable on C and satisfying (A). Let’s denote the
latter by Aut(A)(
BC, C,).
Proposition 2.11. Let B be a flat Hopf algebra in C, then
BiGal(B) ∼= Aut(A)(
BC, C)
In the following section, we will apply this new result to the specific case where C is given
by the category of left H-modules where H is a finite dimensional quasitriangular Hopf
algebra.
3. The Brauer group of a finite quasitriangular Hopf algebra
Let (H,R) be a quasitriangular Hopf algebra over a field k. Dual to the construction in
[18], there exists an exact sequence of groups
1 −→ Br(k) −→ BM(k,H,R)
p˜i
−→ Galqc(RH)
Here Br(k) is the (classical) Brauer group of the field k, BM(k,H,R) = Br(HM) is
the Brauer group of H-module algebras (or equivalently, the Brauer group of the braided
monoidal category HM) and Gal
qc(RH) is the subgroup of (isomorphism classes) of quan-
tum commutative RH-bi-Galois objects. In this section, we will give a categorical inter-
pretation to this sequence.
As in Section 1, we will denote the braidings of the categories HM and
H
HYD by ψ and φ,
respectively.
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3.1. A new characterization for Galqc(RH).
Lemma 3.1. Any left-left Yetter-Drinfeld module M has the structure of a cocommutative
RH-bicomodule in the category HM. Conversely, any cocommutative RH-bicomodule is a
left-left Yetter-Drinfeld module.
We obtain an equivalence of braided monoidal categories HHYD → (HM)
RH .
Sketch of proof. Given (M, ·, λ) ∈ HHYD, then M ∈
RH(HM)R
H via
χ−(m)
not.
= m[−1] ⊗m[0] = m(−1)S(R
2)⊗R1 ·m(0)
χ+(m)
not.
= m[0] ⊗m[1] = R2 ·m(0) ⊗R
1m(−1)
for m ∈M . It is easy to see
σ
RH,M ◦ χ
−(m) = σ
RH,M(m(−1)S(P
2)⊗ P 1 ·m(0))
= r2R1P 1 ·m(0) ⊗ r
1m(−1)S(P
2)R2
= r2 ·m(0) ⊗ r
1m(−1) = χ
+(m)
Conversely, given a cocommutative RH-bicomodule (N, ·, χ
−, χ+), then N becomes a left-
left Yetter-Drinfeld module via
λ(n) = n[−1]R2 ⊗R1 · n[0]
or
λ(n) = SR1n[1] ⊗R2 · n[0]
for n ∈ N , using the cocommutativity. For a complete proof we refer to [19, Section 2].
Finally, we can transfer the braiding of HHYD to (HM)
RH such that the equivalence becomes
one of braided monoidal categories. That is, if M,N ∈ (HM)R
H . The braiding, again
denoted by φ, is then defined by
φM,N (m⊗ n) = m
[−1]R2 · n⊗R1 ·m[0]
for m ∈M and n ∈ N . 
In particular, we see that X ∈ RH(HM) has a trivial RH-comodule structure if and only
if as a HHYD-module X is obtained using λ1 (i.e. X ∈
R
HM ⊂
H
HYD). In this case
φX,− = ψX,−. Furthermore, any (braided) monoidal autoequivalence α :
H
HYD →
H
HYD
can be seen as a (braided) tensor equivalence α : (HM)R
H → (HM)R
H and conversely.
Following [19], we will call a braided bi-Galois object A quantum commutative if A is a
cocommutative bi-Galois object which is commutative as an algebra in the category of
left-left Yetter Drinfeld modules, that is
ab = (a(−1) · b)a(0)(3.1)
TENSOR AUTOEQUIVALENCES AND EQUIVARIANT BRAUER GROUPS 21
for all a, b ∈ A. We will denote the group of quantum commutative RH-bi-Galois objects
by Galqc(RH). Clearly, Gal
qc(RH) is a subgroup of BiGal(RH). By Proposition 2.11, we
already know
BiGal(RH) ∼= Aut(A)(
RH(HM),HM) = Aut(A)(
H
HYD,HM)(3.2)
The following is due to Zhang and Zhu.
Proposition 3.2 ([19, Theorem 3.6]). Let (H,R) be a finite dimensional quasi-triangular
Hopf algebra. Suppose A is an RH-bi-Galois object. A is quantum commutative if and only
if the functor A
RH− is a braided (monoidal) autoequivalence of the category
RH(HM)
(or HHYD by Lemma 3.1).
Combining this proposition with our result (3.2), we see that the group of quantum commu-
tative bi-Galois objects corresponds precisely to the group of braided monoidal autoequiv-
alences which are trivializable on RHM and satisfying (A), say Aut
br
(A)(
H
HYD,
R
HM). Indeed,
if A is quantum commutative RH-bi-Galois object, then, as we’ve discussed in the previous
section, αA = ARH− is a braided autoequivalence of
H
HYD (use the equivalence in Lemma
3.1), trivializable on RHM and satisfying diagram (A).
Conversely, let α ∈ Autbr(A)(
H
HYD,
R
HM). In particular, α ∈ Aut(A)(
H
HYD,
R
HM,). By Theo-
rem 2.10, α(RH) is a faithfully flat RH-bi-Galois object and α ∼= α(RH)RH−. But then
by Proposition 3.2, α(RH)RH− being a braided autoequivalence implies that α(RH) is
quantum commutative.
Next, we show that in this specific case, the condition (A) can be dropped. Namely, any
braided monoidal autoequivalence α : HHYD →
H
HYD, or
RH(HM) → R
H(HM), which is
trivializable on HM will automatically satisfy diagram (A). Indeed, if α is braided, then
α(U)⊗ α(V )
ϕU,V
✲ α(U ⊗ V )
α(V )⊗ α(U)
φα(U)⊗α(V )
❄ ϕV,U
✲ α(V ⊗ U)
α(φU,V )
❄
for any U, V ∈ RH(HM) =
H
HYD. As observed above, if X ∈
RH(HM) has a trivial
RH-comodule structure, then φX,− = ψX,−. Moreover, α being trivializable implies that
α(X) ∼= X in RH(HM) =
H
HYD such that α(X) will also have a trivial RH-comodule
structure, hence also φα(X),− = ψα(X),−. Thus for U = X
t in the above diagram, we get
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α(Xt)⊗ α(V )
ϕXt,V
✲ α(Xt ⊗ V )
α(V )⊗ α(Xt)
ψα(Xt)⊗α(V )
❄ ϕV,Xt
✲ α(V ⊗Xt)
α(ψXt,V )
❄
Thus α satisfies diagram (A). Let’s denote the group of isomorphism classes of braided
monoidal autoequivalences of HHYD trivializable on
R
HM by Aut
br(HHYD,
R
HM). We have
obtained the following proposition.
Proposition 3.3. Let (H,R) be a finite dimensional quasitriangular Hopf algebra. The
group of quantum commutative RH-bi-Galois objects is isomorphic to the group of isomor-
phism classes of braided (monoidal) autoequivalences of HHYD trivializable on
R
HM, that
is
Galqc(RH) −→ Aut
br(HHYD,
R
HM), A 7→ ARH−
is a group isomorphism with inverse given by α 7→ α(RH).
3.2. A new characterization for BM(k,H,R). The next goal is to give a new charac-
terization for the Brauer group BM(k,H,R) of H-module algebras. First remark that a
(C,D)-bimodule category is the same as a left C ⊠Dop-module category, where ⊠ denotes
the Deligne tensor product of abelian categories (cf. [4]). Recall from [5] the following
definition of an exact module category.
Definition 3.4. Let C be a tensor category. A C-module category M is said to be exact
if for any projective object X ∈ C and every object M ∈M the object X ∗M is projective
in M.
Definition 3.5 ([6]). An exact C-bimodule category M is said to be invertible if there
exists an exact C-bimodule category N such that
M⊠C N ≃ N ⊠C M≃ C
where C is viewed as a C-bimodule category via the regular left and right actions of C.
The group of equivalence classes of invertible C-bimodule categories is called the Brauer-
Picard group of C and is denoted BrPic(C).
If C is also braided, we can turn any left C-module category into a C-bimodule category,
the right C-action is defined as follows: M ∗X =: X ∗M via the braiding for all X ∈ C and
M ∈ M. A C-bimodule category is said to be one-sided if it is equivalent to a bicomodule
category with right C-action induced from the left, as just described. Therefore, when C is
braided, the group BrPic(C) contains a subgroup Pic(C) consisting of equivalence classes
of one-sided invertible C-bimodule categories. Pic(C) is called the Picard group of C.
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If A is an algebra in C, the category of right A-modules in C is naturally a left C-module
category via
C × CA → CA, (X,M) 7→ X ⊗M
Here the object X ⊗M has the structure of a right A-module in C via X ⊗ µ+, where
µ+ : M ⊗A→M denotes the right A-action on M .
We quote
Proposition 3.6 ([3, Proposition 3.4]). Let C be a braided tensor category and let A and
B be exact algebras in C. Then
CA ⊠C CB ≃ CA⊗B(3.3)
As AC considered as a right C-module category is equivalent to CA, we obtain
AC ⊠C BC ≃ CA ⊠C CB ≃ CA⊗B
∼= CB⊗A ≃ B⊗AC(3.4)
Let (H,R) be a finite dimensional quasitriangular Hopf algebra and let C be the braided
monoidal category HM. We can relate the Picard group of HM to the Brauer group
of HM. It is claimed in [3] that the Picard group of any braided tensor category C is
isomorphic to the group of Morita equivalence classes of exact Azumaya algebras (where
an algebra A is said to be exact if the category CA is exact). We show that, for C = HM,
any Azumaya algebra is exact. Accordingly, the Picard group of HM will be isomorphic
to the Brauer group of HM. Let us give a complete proof in the following proposition.
Proposition 3.7. The Picard group of C is isomorphic to the Brauer group of HM.
Pic(HM) ∼= BM(k,H,R)
Proof. Assume A is H-Azumaya. In particular, A is an algebra in C. Moreover
CA ≃ AC = A(HM) = A#HM
where A is the opposite algebra. A#H is a right H-comodule algebra with right coaction
ρ(a#h) = (a#h1) ⊗ h2 for a ∈ A, h ∈ H. If we can show that A#H is H-simple, then
A#H is exact by [1, Proposition 1.20(i)]. To prove that A#H is H-simple, it is sufficient
to show that A is H-simple. Indeed, let J be an H-ideal of A#H. One can check that J is
an H-Hopf module. By the Fundamental Theorem of Hopf modules, we obtain J ∼= I ⊗H
as H-Hopf modules, where I = JcoH . I will then be an H-ideal of A. If A is shown to
be H-simple, I must be trivial, implying that either J ∼= H or J ∼= A#H. In the first
case however, J will not be an H-ideal of A#H. Thus A#H will not contain a non-trivial
H-ideal if A is H-simple. So let us show that A is H-simple. Let J be a non-trivial H-ideal
of A, in particular J is an H-submodule ideal of A. Consider A⊗A which has the braided
product
(a⊗ b)(c⊗ d) = a(R2 · c)⊗ (r2 · d)(r1R1 · b)(3.5)
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for a, b, c, d ∈ A. Consider the subset A ⊗ J which is now easily seen to be a non-trivial
ideal of A⊗A. The latter is an Azumaya algebra (A is, hence so are A and A⊗A). Since
k is a field, A⊗ A is simple. Contradiction. Thus A is H-simple. Hence, so is A#H, and
therefore A#H is exact. Whence A#HM = CA is an exact module category.
By Proposition 3.6 and the definition of an Azumaya algebra in C, we have
CA ⊠C CA ≃ CA⊗A ≃ C
Similarly by using (3.4), we get
CA ⊠C CA ≃ AC ⊠C AC ≃ A⊗AC ≃ C
Hence, CA is an exact invertible (one-sided) module category over C.
Conversely, let M be an exact invertible (one-sided) module category. By [6, Proposition
4.2] we have
M⊠C M
op ≃Mop ⊠C M≃ C
By [1, Theorem 1.14] there exists an (exact) algebra A in HM such that M is equivalent
to CA. Then M
op ≃ CA. Again, by using (3.3) and (3.4), we see
C ≃ Mop ⊠C M≃ CA ⊠C CA ≃ CA⊗A
C ≃ M⊠C M
op ≃ CA ⊠C CA ≃ AC ⊠C AC ≃ A⊗AC
Thus by definition, the algebra A is Azumaya.
Finally, the correspondence is one of groups because of Proposition 3.6. 
3.3. A new characterization for π˜ : BM(k,H,R)→ Galqc(RH). As we have found cat-
egorical characterizations for both groups BM(k,H,R) and Galqc(RH), it should be nec-
essary to obtain an interpretation for the morphism π˜ : BM(k,H,R)→ Galqc(RH). Let H
be a finite dimensional Hopf algebra. It is obvious that HM =M
H∗ as braided monoidal
categories. One can further identify the two Yetter-Drinfeld module categories naturally:
(3.6) HHYD
∼= YDH
∗
H∗
Let us recall how the morphism π˜ : BM(k,H,R) → Galqc(RH) is defined. Suppose A
is an Azumaya algebra in the braided monoidal category HM = M
H∗ , that is [A] ∈
BM(k,H,R) = BC(k,H∗,R), where R = R∗. In [18, Corollary 4.2]) it was shown that
any element of BC(k,H∗,R) can be represented by an Azumaya algebra that is a smash
product. Any smash product is a Galois extension of its coinvariants. Thus, any element
of BC(k,H∗,R) can be represented by an Azumaya algebra that is an H∗-Galois extension
of its coinvariants. As a result, we’re allowed to assume that our Azumaya algebra A ∈
HM =M
H∗ is H∗-Galois over its coinvariant subalgebra A0 = A
coH∗ . Observe that
A0 = A
coH∗ = HA = {a ∈ A | h · a = ǫ(h)a,∀h ∈ H}(3.7)
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Now π(A) is defined as the centralizer subalgebra CA(A0) of A0 in A. Then π(A) ∈ YD
H∗
H∗
where π(A) is an H∗-subcomodule of A and the right H∗-action is the Miyashita-Ulbrich-
action (or MU-action), given by
c ↼ h∗ = xi(h
∗)cyi(h
∗)
for c ∈ π(A) and h∗ ∈ H∗, where xi(h
∗) ⊗ yi(h
∗) = can−1(1 ⊗ h∗). By the identifica-
tion (3.6), we get that π(A) ∈ HHYD is an H-submodule of A and the left H-coaction
is dual to the MU-action. As a left-left Yetter-Drinfeld module, π(A) can be seen as an
RH-bicomodule. Finally, it is shown that π(A) is a bi-Galois object and the morphism
π˜ : BM(k,H,R)→ Galqc(RH) sends a class [A] to [π(A)].
For the remainder of the paper, we will graphically denote the braiding of HM (and
its inverse) by
ψM,N =
M N
N M
, ψ−1M,N =
N M
M N
(3.8)
for M,N ∈ HM, while the braiding of
H
HYD (and its inverse) is denoted respectively
φX,Y =
X Y
❡
Y X
, φ−1X,Y =
Y X
❡
X Y
(3.9)
for X,Y ∈ HHYD.
We need the following lemma in the sequel.
Lemma 3.8. Let (H,R) be a quasitriangular Hopf algebra. Then
u1p1U1 ⊗ u2r1R1 ⊗ p2r2 ⊗ U2R2 = p1U1u1 ⊗ r1R1u2 ⊗ r2p2 ⊗R2U2(3.10)
Proof. A quasitriangular Hopf algebra (H,R) is known to satisfy the quantum Yang-Baxter
equation, that is
R12R13R23 = R23R13R12
where R12 = R
1 ⊗R2 ⊗ 1H ∈ H ⊗H ⊗H, etc. Or
R1P 1 ⊗R2Q1 ⊗ P 2Q2 = P 1R1 ⊗Q1R2 ⊗Q2P 2.(QYBE)
By (QYBE) we have R12R13 = R23R13R12(R
−1)23 or
u1p1 ⊗ u2 ⊗ p2 = p1u1 ⊗ q1u2S(v1)⊗ q2p2v2
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Then
u1p1U1 ⊗ u2r1R1 ⊗ p2r2 ⊗ U2R2
= p1u1U1 ⊗ q1u2S(v1)r1R1 ⊗ q2p2v2r2 ⊗ U2R2
= p1u1U1 ⊗ q1u2R1 ⊗ q2p2 ⊗ U2R2
= p1U1u1 ⊗ q1R1u2 ⊗ q2p2 ⊗R2U2

In the the following, A is still assumed to be an Azumaya algebra in HM which is H
∗-
Galois over A0. Let Z be a left-left Yetter-Drinfeld module. We can define an A
e-module
structure on A⊗ Z as follows
µA⊗Z =
A⊗A A⊗Z
✡✠ ❡
✍✌
A Z
(3.11)
with notation as in (3.8),(3.9), or equivalently
(a⊗ b) • (c⊗ z) = a(R2 · c)(r2S−1(z(−1))R
1 · b)⊗ r1 · z(0)
for a, b, c ∈ A and z ∈ Z. Indeed
[(a⊗ b)(c⊗ d)] • (e⊗ z) = [a(R2 · c)⊗ (r2 · d)(r1R1 · b)] · (e⊗ z)
= a(R2 · c)(P 2 · e)(Q2S−1(z(−1))P
1 · [(r2 · d)(r1R1 · b)]⊗Q1 · z(0)
= a(R2 · c)(P 2p2 · e)(Q2S−1(z(−1))P
1r2 · d)(q2S−1(z(−2))p
1r1R1 · b)⊗ q1Q1 · z(0)
= a(R2 · c)(p2P 2 · e)(Q2S−1(z(−1))r
2P 1 · d)(q2S−1(z(−2))r
1p1R1 · b)⊗ q1Q1 · z(0)
= a(R2 · c)(p2P 2 · e)(Q2r2S−1(z(−2))P
1 · d)(q2r1S−1(z(−1))p
1R1 · b)⊗ q1Q1 · z(0)
where the first equation follows from (3.5), the second and the fourth hold by (3.11) and
(3.10) On the other hand, we have
(a⊗ b) • [(c⊗ d) • (e⊗ z)]
= (a⊗ b) • [c(P 2 · e)(U2S−1(z(−1))P
1 · d)⊗ U1 · z(0)]
= a(R2 · [c(P 2 · e)(U2S−1(z(−1))P
1 · d)])(q2S−1((U1 · z(0))(−1))R
1 · b)
⊗ q1 · ((U1 · z(0))(0))
= a(R2 · c)(p2P 2 · e)(u2U2S−1(z(−1))P
1 · d)(q2S−1((U1 · z(0))(−1))u
1p1R1 · b)
⊗ q1 · ((U1 · z(0))(0))
= a(R2 · c)(p2P 2 · e)(u2U2Q2r2S−1(z(−1))P
1 · d)(q2S−1(U1z(−1)S(r
1))u1p1R1 · b)
⊗ q1Q1 · z(0)
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= a(R2 · c)(p2P 2 · e)(Q2r2S−1(z(−2))P
1 · d)(q2r1S−1(z(−1))p
1R1 · b)⊗ q1Q1 · z(0)
for a, b, c, d, e ∈ A and z ∈ Z.
Lemma 3.9. Let A be an Azumaya algebra in HM and let Z be a left-left Yetter-Drinfeld
module. A⊗ Z is a left-left Yetter-Drinfeld module with structures given by
h · (a⊗ z) = h1 · a⊗ h2 · z
λA⊗Z(a⊗ z) = SR
1z−1 ⊗R
2 · a⊗ z0
(3.12)
for a ∈ A and z ∈ Z.
Together with the Ae-module structure, A⊗ Z becomes an object in Ae(
H
HYD).
Proof. We embed A in HHYD by viewing it as A ∈ ( M
R−1
H , ψ), that is A is equipped with
the H-coaction λ2(a) = SR
1 ⊗ R2 · a (see (1.1)). We use λ2 rather than λ1. Using λ1 we
would not necessarily yield that A ⊗ Z becomes an object in Ae(
H
HYD). That being said,
there is a reason to choose λ2 over λ1 anyhow. The reason will become clear in the proof
of Proposition 3.11.
The given Yetter-Drinfeld module structure in the lemma now is nothing but the natural
Yetter-Drinfeld module structure of the tensor product of the two left-left Yetter-Drinfeld
modules A and Z.
Ae is an H-module algebra with multiplication as in (3.5). Note that if we consider A to
be in ( MR
−1
H , ψ), we have to view A
e in ( MR
−1
H , ψ) as well. Thus its H-comodule structure
is given by λAe(a⊗ b) = SR
1Sr1⊗ (R2 ·a⊗ r2 · b). Let us verify that Ae then is an algebra
in HHYD.
λAe((a⊗ b)(c⊗ d)) = λAe(a(R
2 · c)⊗ (r2 · d)(r1R1 · b))
= S(P 1)S(p1)⊗ P 2 · (a(R2 · c)) ⊗ p2 · ((r2 · d)(r1R1 · b))
= S(P 1)S(U1)S(p1)S(u1)⊗ (P 2 · a)(U2R2 · c)⊗ (p2r2 · d)(u2r1R1 · b)
= S(P 1)S(u1)S(U1)S(p1)⊗ (P 2 · a)(R2U2 · c)⊗ (q2p2 · d)(q1R1u2 · b)
= S(P 1)S(u1)S(U1)S(p1)⊗ (P 2 · a⊗ u2 · b)(U2 · c⊗ p2 · d)
= λAe(a⊗ b)λAe(c⊗ d)
To observe that A⊗ Z is an object in Ae(
H
HYD), observe that
h · [(a⊗ b) • (c⊗ z)]
= (h1 · a⊗ h2 · b) • (h3 · c⊗ h4 · z)
= (h1 · a)(R
2h3 · c)(r
2S−1((h4 · z)(−1))R
1h2 · b)⊗ r
1 · (h4 · z)(0)
= (h1 · a)(R
2h3 · c)(r
2S−1(h4z(−1)S(h6))R
1h2 · b)⊗ r
1h5 · z(0)
= (h1 · a)(h2R
2 · c)(r2h6S
−1(z(−1))S
−1(h4)h3R
1 · b)⊗ r1h5 · z(0)
= (h1 · a)(h2R
2 · c)(r2h4S
−1(z(−1))R
1 · b)⊗ r1h3 · z(0)
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= (h1 · a)(h2R
2 · c)(h3r
2S−1(z(−1))R
1 · b)⊗ h4r
1 · z(0)
= h · [a(R2 · c)(r2S−1(z(−1))R
1 · b)⊗ r1 · z(0)]
= h · [(a⊗ b) • (c⊗ z)]
which means that the module structure in (3.11) is H-linear. To show that it’s H-colinear
as well, we compute
λA⊗Z((a⊗ b) • (c⊗ z))
= λA⊗Z(a(R
2 · c)(r2S−1(z(−1))R
1 · b)⊗ r1 · z(0))
= S(P 1)(r1 · z(0))(−1) ⊗ P
2 · [a(R2 · c)(r2S−1(z(−1))R
1 · b)]⊗ (r1 · z(0))(0)
= S(P 1)S(U1)S(V 1)r1z(−1)S(q
1)⊗ (P 2 · a)(U2R2 · c)(V 2r2p2q2S−1(z(−2))R
1 · b)
⊗ p1 · z(0)
= S(P 1)S(U1)S(q1)z(−2) ⊗ (P
2 · a)(U2R2 · c)(p2S−1(z(−1))q
2R1 · b)⊗ p1 · z(0)
= S(P 1)S(q1)S(U1)z(−2) ⊗ (P
2 · a)(R2U2 · c)(p2S−1(z(−1))R
2q1 · b)⊗ p1 · z(0)
= S(P 1)S(q1)S(U1)z(−1) ⊗ (P
2 · a⊗ q1 · b) • (U2 · c⊗ p1 · z(0))
= (a⊗ b)(−1)(c⊗ z)(−1) ⊗ (a⊗ b)(0) • (c⊗ z)(0)

Let A be an H∗-Galois Azumaya algebra in HM and let Z be a left-left Yetter-Drinfeld
module. The previous lemma allows us to consider (A ⊗ Z)A, where (−)A is from the
equivalence pair
A
∼
⊗− : HHYD ⇄ Ae(
H
HYD) : (−)
A
(similarly) as in [2, Proposition 2.6]. Then
(3.13) (A⊗ Z)A = {
∑
ci ⊗ zi |
∑
(a⊗ 1) • (ci ⊗ zi) =
∑
(1⊗ a) • (ci ⊗ zi),∀a ∈ A}
is a Yetter-Drinfeld submodule of A⊗ Z with the same Yetter-Drinfeld module structures
as in (3.12).
By Lemma 3.1, we can view Z as a left RH-comodule in HM, thus we can consider
π(A)
RHZ. We will relate (A ⊗ Z)
A and π(A)
RHZ, but first we need an equivalent
characterization for the cotensor product of two RH-bicomodules in HM (which is dual to
[18, Lemma 2.9]).
Lemma 3.10. If X and Y are two YD modules, then
X
RHY = {
∑
xi⊗ yi ∈ X ⊗ Y | xi(−1)R
2⊗ xi(0)⊗R
1 · yi = S(R
1)yi(−1)⊗R
2 · xi⊗ yi(0)}
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Proof. Given
∑
xi ⊗ yi ∈ XRHY , using the identification in Lemma 3.1, we get
∑
xi(−1)R
2 ⊗ xi(0) ⊗R
1 · yi
=
∑
S(r1)xi
[1]R2 ⊗ r2 · xi
[0] ⊗R1 · yi
=
∑
S(r1)yi
[−1]R2 ⊗ r2 · xi ⊗R
1 · yi
[0]
=
∑
S(r1)yi(−1)S(P
2)R2 ⊗ r2 · xi ⊗R
1P 1 · yi(0)
=
∑
S(r1)yi(−1) ⊗ r
2 · xi ⊗ ·yi(0)
Conversely, suppose
∑
xi ⊗ yi belongs to the set on the right hand side, then
∑
χ+(xi)⊗ yi =
∑
R2 · xi(0) ⊗R
1xi(−1) ⊗ yi
=
∑
R2 · xi(0) ⊗R
1xi(−1)u
2S(v2)⊗ v1u1 · yi
=
∑
R2u2 · xi ⊗R
1S(u1)yi(−1)S(v
2)⊗ v1 · yi(0)
=
∑
xi ⊗ yi(−1)S(v
2)⊗ v1 · yi(0) =
∑
xi ⊗ χ
−(yi)

This implies that we can define a coaction on X
RHY
λ(
∑
xi ⊗ yi) =
∑
xi(−1)R
2 ⊗ xi(0) ⊗R
1 · yi =
∑
S(R1)yi(−1) ⊗R
2 · xi ⊗ yi(0)
Together with the diagonal H-action
h ·
∑
xi ⊗ yi =
∑
h1 · xi ⊗ h2 · yi
this will define a left-left Yetter-Drinfeld module structure on X
RHY . Indeed
λ(h · (
∑
xi ⊗ yi)) =
∑
λ(h1 · xi ⊗ h2 · yi)
=
∑
S(R1)(h2 · yi)(−1) ⊗R
2h1 · xi ⊗ (h2 · yi)(0)
=
∑
S(R1)h2yi(−1)S(h4)⊗R
2h1 · xi ⊗ h3 · yi(0)
=
∑
h1S(R
1)yi(−1)S(h4)⊗ h1R
2 · xi ⊗ h3 · yi(0)
=
∑
h1(S(R
1)yi(−1))S(h3)⊗ h2 · (R
2 · xi ⊗ yi(0))
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The corresponding RH-bicomodule structure is the natural RH-structure of the cotensor
product. E.g.
∑
χ−X
RH
Y (xi ⊗ yi) =
∑
(xi ⊗ yi)(−1)S(R
2)⊗R1 · (xi ⊗ yi)(0)
=
∑
xi(−1)r
2S(R2)⊗R1 · (xi(0) ⊗ r
1 · yi)
=
∑
xi(−1)r
2S(P 2)S(R2)⊗R1 · xi(0) ⊗ P
1r1 · yi
=
∑
xi(−1)S(R
2)⊗R1 · xi(0) ⊗ yi =
∑
χ−X(xi)⊗ yi
and similarly χ+X
RH
Y = X⊗χ
+
Y . Thus we could have deduced the Yetter-Drinfeld module
structure from the natural RH-bicomodule structure as well.
Particularly for π(A)
RHZ, we get
λ(
∑
ci ⊗ zi) =
∑
ci−1R
2 ⊗ ci0 ⊗R
1 · zi =
∑
SR1zi−1 ⊗R
2 · c⊗ zi0(3.14)
for
∑
ci ⊗ zi ∈ π(A)RHZ.
The following statement is inspired by [18, Lemma 4.5].
Theorem 3.11. Let A be an H∗-Galois Azumaya algebra in HM and let Z be a left-left
Yetter-Drinfeld module structure. Then
(A⊗ Z)A = π(A)
RHZ
as left-left Yetter-Drinfeld modules.
Proof. Let
∑
ci ⊗ zi ∈ π(A)RHZ and denote c⊗ z =
∑
ci ⊗ zi, then
χ+(c)⊗ z = c⊗ χ−(z)
R2 · c(0) ⊗R
1c(−1) ⊗ z = c⊗ z(−1)S(R
2)⊗R1 · z(0)
(†)
Observe that
(1⊗ a) • (c⊗ z) = (R2 · c)(r2S−1(z(−1))R
1 · a)⊗ r1 · z(0)
= (R2r2 · c(0))(S
−1(c(−1))S
−1(r1)R1 · a)⊗ zby (†)
= c(0)(S
−1(c(−1)) · a)⊗ z
= (c(−1)S
−1(c(−2)) · a)c(0) ⊗ zby (3.1)
= ac⊗ z = (a⊗ 1) • (c⊗ z)
whence π(A)
RHZ ⊂ (A⊗ Z)
A. Conversely let c⊗ z =
∑
ci ⊗ zi ∈ (A⊗ Z)
A. Then
ac⊗ z = (R2 · c)(r2S−1(z(−1))R
1 · a)⊗ r1 · z(0)(‡)
for all a ∈ A. But then by (3.7), we obtain ac ⊗ z = ca ⊗ z for all a ∈ A0. Thus
c ⊗ z ∈ π(A) ⊗ Z. As A is assumed to be H∗-Galois, we know that π(A) ∈ YDH
∗
H∗ where
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c ↼ h∗ = xi(h
∗)cyi(h
∗). With the identification YDH
∗
H∗ =
H
HYD from Lemma 3.6 in mind,
note that
xi(h
∗)yi(h
∗)(0) ⊗ yi(h
∗)(1) = 1A ⊗ h
∗by Lemma 1.2
or equivalently
xi(h
∗)(0)yi(h
∗)⊗ xi(h
∗)(1) = 1A ⊗ S(h
∗)
hence
xi(h
∗)(0)yi(h
∗) 〈xi(h
∗)(1), h〉 = 1A〈S(h
∗), h〉
or
(h · xi(h
∗))yi(h
∗) = 1A〈h
∗, S(h)〉(3.15)
for h ∈ H and h∗ ∈ H∗. We can now show that c⊗ z ∈ π(A)
RHZ, that is c⊗ z satisfies
(†). Let h∗ ∈ H∗ and compute
R2 · c(0) ⊗ z 〈h
∗, R1c(−1)〉
= R2 · c(0) ⊗ z 〈h
∗
1, R
1〉〈h∗2, c(−1)〉
= R2 · (c ↼ h∗2)⊗ z 〈h
∗
1, R
1〉
= R2 · (xi(h
∗
2)cyi(h
∗
2))⊗ z 〈h
∗
1, R
1〉
= R2 · ((P 2 · c)(p2S−1(z(−1))P
1 · xi(h
∗
2))yi(h
∗
2))⊗ p
1 · z 〈h∗1, R
1〉by (‡)
= (R2P 2 · c)⊗ p1 · z 〈h∗1, R
1〉〈h∗2, S(p
2S−1(z(−1))P
1)〉by (3.15)
= (R2P 2 · c)⊗ p1 · z 〈h∗, R1S(P 1)z(−1)S(p
2)〉
= c⊗ p1 · z 〈h∗, z(−1)S(p
2)〉
Hence c⊗ z ∈ π(A)
RHZ.
As π(A) is an H-submodule of A and both objects have the diagonal H-action, the equality
is H-linear. The H-colinearity is clear from the definition of the H-coactions in (3.12) and
(3.14). Moreover, this illustrates why in the definition of λA⊗Z we have opted for λ2 instead
of λ1. 
As a consequence of Theorem 3.11 and Proposition 3.3, we obtain the following character-
ization of the RH-bi-Galois object π(A) for an H
∗-Galois Azumaya algebra A.
Corollary 3.12. [18, Lemma 4.5] Let A be an Azumaya algebra in HM such that it is
H∗-Galois over A0. Then
π(A) ∼= (A⊗ RH)
A
as left-left Yetter-Drinfeld module algebras, or equivalently, as RH-bicomodule algebras.
Thus they represent the same object in the group of quantum commutative Galois objects
Galqc(RH).
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Now let A be an arbitrary Azumaya algebra in HM. In the exact same manner as done in
(3.13), one may define the endo-functor of HHYD:
FA :
H
HYD →
H
HYD : Z 7→ (A⊗ Z)
A.
If this functor is an autoequivalence, then (A⊗RH)
A is an RH-bi-Galois object. At this mo-
ment, we don’t know whether or not FA is a tensor autoequivalence of
H
HYD in case A is not
H∗-Galois over A0. Davydov and Nikshych constructed a group (iso)morphism Pic(C) →
Autbr(Z(C), C) for any braided tensor category C (under stronger conditions) in [3]. In
case C = HM they would obtain a group (iso)morphism Pic(HM) → Aut
br(HHYD,
R
HM).
We don’t know whether their construction of the morphism coincides with ours. If that is
the case, we may drop the Galois condition and choose any representative from a Morita
equivalence. Nevertheless, one can show that the functor FA above is trivializable on HM.
Indeed, if X ∈ RHM, (3.11) becomes
A⊗A A⊗X
✡✠
✍✌
A X
or A⊗X = A
∼
⊗X, where (A
∼
⊗−, (−)A) is the equivalence pair of A being Azumaya. Thus
(A ⊗X)A = (A
∼
⊗X)A ∼= X. In other words, the Ae-module structure of A⊗ Z in (3.11)
is equal to the Ae-module structure of A
∼
⊗ Z, with the following ’twist’ inserted into it,
A Z
❡
A Z
which is trivial whenever Z ∈ RHM.
Composing the morphism π˜ : Br(HM)→ Gal
qc(RH) with the group isomorphism Gal
qc(RH) ∼=
Autbr(HHYD,
R
HM) from Proposition 3.3, we obtain a group morphism
Br(HM)→ Aut
br(HHYD,
R
HM)
which maps a class [A] to the class of natural isomorphisms represented by FA, where
A is chosen as an H∗-Galois Azumaya algebra. By construction, the following diagram
commutes.
1 ✲ Br(k) ✲ Br(HM)
π˜
✲ Galqc(RH)
Autbr(HHYD,
R
HM)
∼
❄
✲
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In view of Proposition 3.7, we obtain a group morphism
(3.16) τ : Pic(HM)→ Aut
br(HHYD,
R
HM), [A] 7→ FA, A is H
∗-Galois over A0
The kernel of this morphism is, by construction, isomorphic to the Brauer group of k. The
latter is, again by Proposition 3.7 (replace H by the trivial Hopf algebra k), isomorphic
to the Picard group Pic(kM) consisting of equivalence classes of one-sided invertible kM-
bimodule categories. Let us summarize in the following theorem.
Theorem 3.13. Assume (H,R) is a finite dimensional quasitriangular Hopf algebra. The
following diagram commutes:
1 ✲ Br(k) ✲ BM(k,H,R)
π˜
✲ Galqc(RH)
1 ✲ Pic(kM)
∼
❄
✲ Pic(HM)
∼
❄ τ
✲ Autbr(HHYD,
R
HM)
∼
❄
Remark 3.14. The motivation for the construction of the morphism τ comes from the
result [18, Lemma 4.5]. We expect that our construction (3.16) of τ is equal to the con-
struction of the morphism Φ : Pic(C) −→ Autbr(Z(C), C) by Davydov and Nikshych in [3,
Theorem 4.3] in case C = HM, or at least the two morphisms are conjugated by group
isomorphisms. If that would be the case, this approach by tensor autoequivalences would
render the surjectivity of π˜, i.e. the right exactness of the sequence (0.1), at least under
the same conditions as in [3], where the field k is assumed to be algebraically closed of
characteristic 0 (so the classical Brauer group Br(k) is trivial) and the category C may
have to be assumed to be semisimple (or fusion). Another advantage for the morphism τ
would be that the finiteness requirement for H could be dropped so that the exact sequence
(0.1) works for infinite dimensional QT Hopf algebras.
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